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In a report at the All Union conference on the theory and applications
of thin shells (Tartu, 1957) the author has proposed an approach to the
statistical theory of stability of shells. The basic features of that
approach are presented in [1].

The investigations are based on the assumption that all the factors
which determine the random character of bending of a shell are divided
into three groups:

1) the scatter of the elastic, geometric parameters of the shell, the
parameters which determine the manner in which the shell is supported.

It is assumed that the parameters of this group 8y ...y G, do not de-
pend on time, and that a cumulative law of their distribution ¢(ay.

o an) is given. The random components of the external forces, constant
in time, can also be included here;

2) the continuous random part of the external loads (for simplicity
we assume that only the normal component of the external loads is pre-
sent), which we approximate by the relation

ZOP, = D g (P 9 () ")

k=11=1

In this formula Xp(P) and y, are certain determinate functions of the
coordinates of time, xk(P) forming a base-system in the "energy" space
[2]. we will assume that the random process 2(3)(P, t) is defined by the
law of distribution 9<°k1) of random quantities a,;

3) the random part of the external loads, causing the accelerations
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of the type which occur in the Brownian motion.

We will look for an approximate solution to the problem of bending of
a plate in the form

W= ¢ ® %P 2
k=1

and we will determine g(t) by the method of Bubnov-Galerkin. In this

case, under the assumption of independence of all three groups of factors,
the following formula has been obtained for the law of distribution of
random quantities g,, valid for sufficiently large

o0
F (91, LR ’qn,t) = S f(qlv -2 Gn t’ak‘ ak[) (P (ak) 0 (ak[) :dakdakl (3)

-—

where f is determined from the Smolukhovskii equation (3].

If a steady-state distribution is considered, it is given by the re-
lation

[v o] [o+]
P = § Lerveng)dn, (7= ~wUng) gy ) (4)
—oo

—

Here U(gq, ay) is the potential energy of the system shell-determinate
part of the external forces, u° is a parameter, J is the normalizing
factor. Regarding the statistical and mechanical meaning of the parameter
M see [1-41‘

A certain assumption is made below. In order to formulate it, let us
consider the equations which determine ¢, at fixed g,

oU |8q, =0 5)
We assume that from these equations ¢, is defined by the relations
9" = Ay (@) (6)

which perform a single-valued transformation of the domain of parameters
a into q°. Note, that this condition is, in fact, the basis of all the
relations given in the article [5], because the scope of assumptions of
that paper does not allow for the distinction between the probabilities
of different branches, in case the relations (6) were multiple-valued.

Let us further assume that g, can be expressed single-valuedly from
(5). (6) in terms of ¢,°, so that
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o, = By (¢°) 0]

This assumption is not essential (see comment 2) and is introduced
here only to simplify the derivations.

Let it be our objective to obtain the asymptotic expansions of F(g)
for large values of yu. First of all we note, that in the formula (4),
using the relation (7), we can integrate with respect to qko. which
leads to the relation

(e}
Fg)= Jew0eom) Mg, M=|2 ®)
e q

¥ is the modulus of the Jacobian transformation from a, into qko. Let us
first investigate the asymptotic expansion of J for p - ®, For this
purpose we look into the form of the potential energy U(s, q°). In the
commonly used nonlinear theories of shells the potential energy is a
polynomial of the fourth degree with respect to the generalized coordi-
nates, Also, ¢C is the point of equilibrium, therefore

n n
Uls, ¢°) = 2 Uik (g% (Si - qio) (3k - qko) + 2 'Uijk (¢°) (83— 910) (3,' - 95°)~ (sk et
ik=1 t,0.k=1
n

—u)+ D Ui (00 (5,— ) (55— 4,9 (S — 04°) (5, — 4 ©)
{4k 01=1

Moreover, ¢° is the only point of equilibrium, hence the function
Ucs, q°) will have no other extreme values besides q°.

In the integral (4) we change the variables

Bis;—gq)=t¢, B3 —q) =7 (10)
Thus we get
n
tz x z Lt £t
U(EEZ4g, Z4g)= D v, (B +q) 20 U Z itk
( m m ) {,Ei ik (P‘ )}i’ +{§ ;33;(“%"9) ps +
n
ttt
+ 2 UiJ'kl( +)“‘ (1)
ii.k, 1=1

Assuming that the functions on the right-hand side of (11) are
sufficiently smooth, for large values of u we obtain the following ex-
pansion

U == Qa(qv t) Qa(qu t) Qd(qrx t)
6 01 @En 0 Qs )y (12)
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where

Qg )= D\ Uylg st

th=1
n

Q3 (q; z, t) = 2 titk + E R(tk) WOy xl . a: z an+ Z UUI& (Q)t
i, k==l o+ =2z

s A= i,4.k=1
n
Qg o= 3 4y, 2 R, Wiz sy
ik=1 Oty =2
i L]
+ 2‘1 Lkt Z‘ Sa,,..,fl’,’j’x,“‘,...,xn“n
1,3, k=1 a2y =1
n
ik )
Op (9v x, t)z Z titk Z le,uflarzxia‘ Yo 1xnan T
i, k=1 Q. B p=p—2
n
+ D ikt > o B8 2z g
1,7, k=1 @it ap=p—2
n
+ 2 Bttt 2 T, Gy z z %
""" Il n
1.k, I=1 b X p=p—2

(13

(14)

(15)

In the Formulas (13) to (15) the quantities R, S, T are expressed in

terms of derivatives of U:k' U:k , U
tained directly from the relation (12)

i i
J(E—{—q):FJO(q)_i— “11+1 (qr x)+ n+o Jz(‘ll 1‘)+...
where
ool o0
Ty = § @@V ngm=— | %Gz nq
—00 —0
o
Ja{g, )= S e—Q“qx)(Qs Q4\d:etc
—00
From (18),

in turn, follows the expansion

SETRRC LS I

(e, AR
BEA==T0 . Ren== 300 e

Now, let us expand U(g, ¢©). According to (9) we have

ikj1° The following expansion is ob-

(16)

(n

(18)

(19)
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n T
Ug.a)= D Uup@)(@— 09 @—a)+ 2 Uyle) (@ — 4% (g;— 97X
i, k=1 i, k=1
X9 — 9°) + 2 Uijkl (7°) (¢; —9;°) (9; — ;) (9, — qko) (9, — 41°) (20)
i,i.k, =1

Substituting the second of the relations (10) into (20) we will obtain

n

Ut )= 3 Un(Z o)t + 3 Usge (2 +0) 5% +

2
i, k=1 p B i, 7, k=1

n
+ D Ui (i-{—q)% (21)

L 4
i,5.k, =1 } b

From (21) follows
(g, ) Is (¢, x)

Ulg, ¢°)= To + e + ... (22)

where
0 (g 0)=Q; (.0 8) |y 1222 @3)

From (22) we obtain
e P U@ @) _ p—le. %) [1 + Oule.2) + s (z' %) + .. ] (24)
[ w

where

Oi(g,2) = —Ms(g,7),  Da(g,x) =5 Met—TL, (25)

Furthermore, if sufficient smoothness of ¢ and M is assumed, we have

M) =M ( ) 2 2 Mo 0, @) 7 %o z™ (26)
k=0 =

so=sfa(i+0) 5u(Z+4)...5 < ) B SR
Po,---10 = @ (B (q)) = 2n

In the Formulas (26), (27) the quantities M& and P
1 1

. a s
’ ” 1] n
are expressed in terms of the derivatives of M, ¢, Bk' These formulas
can be conveniently presented in the following form

M @) =M@+ Z Llen),  om@n=9@@+ 3 HLD g
P k=1 l‘k
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where M, and ¢, are certain polynomials with respect to x,.

After these preliminary expansions we turn to Formula (8) for F(g).
In this integral we perform the second of the substitutions shown in (10).
As a result we obtain

F(q)=;1,;_gwf“(ﬁ-+q) o{B (Z4a)  Ba(F o)l (Sag) ™14 +

+'...)dz=]°1(q)_gwe—ﬂs<qvx) (1 +%+%+...)[¢(B(q»+%‘+ M+
+-—Ai—l+...]<1+%+...>dr (29)

Now, we bear in mind that due to (23) the following relation is true

o0 oo

S Tl %) g — S Qe Vg — 74 (g) (30)

—00 —00

From (29), (30) we have directly

o F

F=o@@) M@+ Y & G

k=1 M

where
Fr(@) =g § 0N [gM (Ki o @)+ My + i) s (32)
o —00

Fa@ =g § 70 (@M + @i @M (Ko o+ ©0) (@M o+ @ub) + oM (Kt
+ K101 + @ + ©y)] dz etc. (33)

Formula (31) supplies the desired asymptotic expansion. Knowing the
expansion (31) one can find the asymptotic expansions for any other
random quantity functionally related to 91, -+-0 4p

As can be seen from the derivation of Formula (31), there is a con-
siderable number of quadratures to be taken in finding Fk' However, all
these quadratures have the form

o0
S e"’A(’"""’ﬂ)sla', ey s ndsy, ..., ds

—00

n (@;=0) (34
where A is a positive definite quadratic form and o are integers. It is
well known that such quadratures are easily expressible in terms of
elementary functions. The expansion (31) may be useful for large values
of p. A-rigorous treatment could be given for this expansion, which,
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however, does not appear to be so important at this stage of development
of the theory. Note, that for u = @ we obtain from (31)

F{py=g(B(g)M(g) (35}

Formula (35) provides the basic relation of the so-called "quasi-static
approach™ for the use of probability methods in the theory of shells {4].

Indeed, in accordance with this approach, out of all the random factors
acting on the shell, only a; are taken into consideration. The law of
distribution of qko is determined by the elementary formulas of the theory
of probability, which provide the relations between the laws of distribu-
tion of functionally interconnected random quantities. In the case under
consideration we have for the relations (7T)

F(g°)dg° = @ (B (g°)) da,, (36

From (36) we obtain
o Q aa ] o
F@) =0 B @) | 55| = 0 B @) M (0" Q)

i.e, the zero term of the asymptotic expansion (31).

Thus, the relations of [5] are obtained from Formula (3) after a
number of additional simplifying assumptions. This fact, however, is also
evident from the general considerations.

Comment 1. In this note we have considered a case in which the number
of generalized parameters ¢ is equal to the number of random parameters
a. Obviously, one can without any trouble obtain the asymptotic expansion,
with corresponding corollaries, for the case in which the number of para-
meters g is smaller than that of parameters a.

Comment 2. In case a, turn out to be multiple-valued functions of ¢,
the entire derivation of the asymptotic formula remains unchanged and
only after the transition from ay to qko in the integral (8) it takes the
form

aam
d ]
o q (38)

oo P
. 1 —utl(q,2%) m
Figp= { 3 400 3 g™
—co m=1
In this formula B,", o, corresponds to the ath branch, p is the total
number of branches for a given q°. Thus, the zero term of the expansion
(31) takes, accordingly, the form

r
Fo= Z (P(Bkm)

dam
-]
m=1 )

a

(39)
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Comment 3. The asymptotic expansion (31) may also be used for the case
in which the relations (5) have a multiple-valued solution, but there
exists a significant difference in the levels of the potential energy.
However, if there are several configurations of equilibrium with the
levels of potential energy close to each other, then the expansion (31)
will change its form, although in this case it also can be readily ob-
tained.

Comment 4. The method of deriving the asymptotic series used in this
paper can also be applied when the question is not one of the distribu-
tion of Qg but of other parameters in the problenm.

For ipnstance kpowing the distribution (3) or (4), one can find the
probability p of a snap-through for the system, for which it is also
easy to obtain the asymptotic expansion of the form (28). The zero term
of the expansion gives the law of distribution of the upper critical
value, This can be seen directly from the fact that if only the scatter
of the parameters ay is considered (as it is done in {5]). then for each
set of parameters ags the snap-through may take place only when the loads
have reached the upper critical value.
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